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a b s t r a c t
Generalising the main results from [F. Grunewald, A. Jaikin, A. Pinto, P. Zalesskii, Normal
subgroups of profinite groups of non-negative deficiency (preprint); D.H. Kochloukova, On
a conjecture of E. Rapaport Strasser about knot-like groups and its pro-p version, J. Pure
Appl. Algebra 204 (3) (2006) 536–554; D.H. Kochloukova, Some Novikov rings that are von
Neumann finite and knot-like groups, Comment. Math. Helv. 81 (4) (2006) 931–943] we
study homological finiteness properties and projective dimensions of modules over groups
G in the abstract and profinite case comparing with the same invariants for some specific
normal subgroups N of G.
© 2008 Published by Elsevier B.V.
0. Introduction
In this paper we generalize the main results from [8,12,13] about cohomological dimensions and the homological type
FPm of a normal subgroup of a group G with some finiteness properties (in both discrete and profinite cases) and treat the
module versions of the same results. The proofs of the main results of [12,13] use methods from Bieri–Renz–Strebel Σ-
theory and L2-methods for Hilbert modules to resolve a conjecture due to E. Rapaport Strasser about knot-like groups G: if
the commutator G′ is finitely generated then it is free. In [11] J. Hillman proved that the Rapaport Strasser Conjecture holds
under the assumption that the commutator G′ is of type FP2. Later on, using techniques fromΣ-theory, it was shown in [12]
that if the Novikov ring ẐGχ associated to a discrete character χ : G → Z is von Neumann finite (i.e. left inverse is right
inverse and vise versa) then the commutator G′ is of type FP2. The proof of the Rapaport Strasser Conjecture was completed
in [13] by showing that the Novikov ring ẐGχ for a discrete character χ of an arbitrary finitely generated group G is always
von Neumann finite. This was recently extended by R. Bieri to the case of non-discrete characters χ of G [2].
The results in [12,13] apply to groups G with finite K(G, 1) and of Euler characteristic 0. In Theorem 1, Section 2 we
show that the above assumptions can be weakened. Furthermore we show a homological version of Theorem 1 that treats
more general ZG-modules A not only the trivial ZG-module Z, see Theorem 2. In the specific case m = 1 and A the trivial
ZG-module Z, Theorem 2 was first proved in [2] and rediscovered (with different proof) in [8].
A pro-p version of the Rapaport Strasser Conjecture was suggested and resolved in [12] and a profinite version of the
same conjecture was proved in [8]. The proof in the profinite case given in [8] is based on the proof of [12, Proposition 2]. In
Section 3 we follow the same approach and generalize the results from [8,12] to arbitrary finite projective dimensions and
general modules not necessarily trivial ones, see Theorem 3.
Finally we show in Section 4 that the Brown criterion for abstract groups of homological type FPm [6] holds for profinite
groups. Various auxiliary results about profinite groups of type FPm that were used earlier in Section 3 are collected and
proved in Section 4.
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1. Preliminaries
1.1. Σ-invariants and Novikov rings
Let R be an abstract ring. We say that an abstract R-module A is of type FPm if there is a projective resolution of A with
all projectives in dimension at mostm finitely generated. An abstract group G is of type FPm if the trivial ZG-module Z is of
type FPm. It is easy to see that G is finitely generated if and only if G is of type FP1.
For a finitely generated group G the character sphere S(G) is the set of equivalence classes [χ ] of characters χ ∈
Hom(G,R) \ {0}, where [χ ] = R>0χ . For a finitely generated (right) ZG-module A and Gχ = {g ∈ G | χ(g) ≥ 0} the
Bieri–Strebel–Renz invariantΣm(G, A) is defined by
Σm(G, A) = {[χ ] ∈ S(G) | A is of type FPm as a ZGχ -module}.
The invariantΣm(G, A) is responsible for the homological finiteness type of A as a ZH-module, where H is a subgroup of G
that contains the commutator. More precisely suppose that A is of type FPm as a ZG-module, then A is of type FPm over ZH
if and only if S(G,H) = {[χ ] ∈ S(G) | χ(H) = 0} ⊆ Σm(G, A) [4, Thm. B].
There is a strong link between theΣ-invariants and theNovikov ring associated to a real character, thiswas first observed
in [22]. For non-zero real character χ of G the Novikov ring (ẐG)χ contains the (possibly infinite) formal sums
∑
g∈G,zg∈Z zgg
such that for every natural number j the set {g ∈ G | zg 6= 0, χ(g) ≤ j} is finite. By [3, Appendix B] or by [2, Appendix]
[χ ] ∈ Σm(G, A) if and only if TorZGi (A, (̂ZG)χ ) = 0 for all i ≤ m. Combining with [4, Thm. B] we get that for a subgroup
H of G that contains the commutator and A a ZG-module of type FPm, A is of type FPm as a ZH-module if and only if
TorZGi (A, (̂ZG)χ ) = 0 for all i ≤ m and every non-zero character χ : G→ R such that χ(H) = 0.
1.2. L2-Betti numbers
The L2-Betti numbers of groups and spaces are powerful analytic invariants, see [18]. There is an algebraic way to define
the L2-Betti numbers for i ≤ m by
b(2)i (G) = dimHi(P del⊗Z[G] N(G)) ∈ [0,∞), (1)
where P : · · · → Pi → Pi−1 → · · · → P0 → Z→ 0 is a free resolution of the trivial right Z[G]-module Z with Pj of finite
rank for j ≤ m,N(G) is the von Neumann algebra, in particular b(2)i (G) ≤ rk(Pi) for i ≤ m and dim is the extended dimension
function defined in [17].
In [7] it was conjectured that a compact aspherical manifold that is fibered over the circle has trivial L2-Betti numbers
and later on this was proved in [16], [18, Thm. 1.39]. Actually the same proof gives that if G is a group of type FPm with a
normal subgroup N of type FPm such that G/N ' Z then the L2-Betti numbers b(2)i (G) = 0 for i ≤ m. This was already
observed in dimensionm = 1 in [11, Lemma, p.273]. Indeed Q = G/N is a group with a tower of subgroups of finite indices
Q1 ) Q2 ) · · · ) Qi ) Qi+1 ) · · · such that allQi ' Z and let Gi be the preimage ofQi in G. IfN has a free resolutionwith free
modules of rank ri in dimension i, r0 = 1 and ri finite for i ≤ m thenGj has a free resolutionwith freemodules of rank ri+ri−1
in dimension i, where rs = 0 for s < 0. In particular 0 ≤ b(2)i (G) = b(2)i (Gj)/[G : Gj] ≤ (ri + ri−1)/[G : Gj] is arbitrarily small
for i ≤ m. The same works for Q ' Zn since G has a free resolution with free modules of rank ri +
( n
1
)
ri−1 + · · · +
( n
n
)
ri−n
in dimension i.
1.3. Profinite modules
Let S be a profinite ring and A be a (right) profinite S-module. We say that A is of type FPm if A has a profinite projective
resolution as a profinite S-module with all projectives finitely generated in dimension less than or equal to m. A profinite
group G is said to be of type FPm over a profinite ring R if the trivial profinite R[[G]]-module R is of type FPm. Note that by [15,
Lemma 1.1] a profinite group G is of type FPm over R if and only if R as an abstract module over the ring R[[G]] is of type FPm,
this is an easy corollary of [25, Lemma 7.2.2].
2. Applications of L2-Betti numbers and Novikov rings
Theorem 1. Let m be a natural number and G be a finitely presented abstract group with a normal subgroup N such that:
1. Q = G/N is infinite, abelian and N has type FPm;
2. there is a K(G, 1)-complex Y such that its (m + 1)-skeleton has αi cells in dimension i for 0 ≤ i ≤ m + 1 and∑
0≤i≤m+1(−1)m+1−iαi ≤ 0.
Then
(a) G has geometric dimension at most m+ 1 i.e. there is a K(G, 1) complex of dimension at most m+ 1;
(b) the Euler characteristic χ(G) = 0;
(c) N has type FPm+1, and consequently has type FP∞;
(d) cd(G) = cd(N)+ vcd(G/N).
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Proof. Let X be the (m+ 1)-skeleton of Y . Then
(−1)m+1χ(X) =
∑
0≤i≤m+1
(−1)m+1−iαi ≤ 0.
By going down to a subgroup of finite indexwe can assume that Q ' Zn. Then as observed in Section 1.2, b(2)i (G) = 0 for i ≤
m, hence
(−1)m+1χ(X) = (−1)m+1
( ∑
0≤i≤m
(−1)ib(2)i (G)
)
+ b(2)m+1(X) = b(2)m+1(X) ≥ 0.
Thus χ(X) = 0 and by [11, Thm. 1] X is aspherical, consequently there is a finite K(G, 1)-complex of dimension m + 1
and Euler characteristic 0. This implies immediately (a) and (b). Parts (c) and (d) follow immediately from (a), (b) and [13,
Thm. 3]. 
Theorem 1 has a homological version that treats non-trivial ZG-modules and uses substantially Σ-theory and Novikov
rings. We write pdZG(A) for the projective dimension and χZG(A) for the Euler characteristic of the ZG-module A.
Theorem 2. Let G be a finitely generated abstract group with a normal subgroup N, m a natural number and A a (right) ZG-
module such that:
1. Q = G/N is abelian and infinite;
2. the ZG-module A has a free resolution
P : · · · → Pi di−→ Pi−1 → · · · → P0 → A→ 0
with Pi free of rank αi for i ≤ m+ 1, and∑0≤i≤m+1(−1)m+1−iαi ≤ 0;
3. the ZN-module A has type FPm.
Then
(a) A has finite projective dimension pdZG(A) ≤ m+ 1;
(b) A is of type FP∞ over ZG and over ZN;
(c)
∑
0≤i≤m+1(−1)m+1−iαi = 0 and χZG(A) = 0.
If in addition A is infinite and N acts trivially on A then
(d) N has type FP∞ and is of finite cohomological dimension cd(N) = s ≤ m+ 1.
If furthermore pdZQ (A) <∞ then
(e) pdZG(A) ≤ cd(N)+pdZQ (A) and the equality holds if ExtkZQ (A,ZQ )⊗Hs(N,ZN) 6= 0, where k = pdZQ (A). In particular
the equality holds if A is self dual as a ZQ-module or N is a Poincare duality group.
Proof. By [3, Appendix B]
∑
0≤i≤m+1(−1)m+1−iαi ≥ 0. By the assumptions of the theorem
∑
0≤i≤m+1(−1)m+1−iαi ≤ 0, so
we deduce∑
0≤i≤m+1
(−1)m+1−iαi = 0.
Let χ : G→ R be a non-zero character such that χ(N) = 0 and consider the Novikov ring (ẐG)χ . As pointed in Section 1.1
since A is of type FPm overZN by [2, Appendix] and [4, Thm. B]we have TorZGi (A, (ẐG)χ ) = 0 for all i ≤ m and every non-zero
character χ : G→ R such that χ(N) = 0. Thus Hi(P del⊗ZG(ẐG)χ ) = 0 for i ≤ m i.e.
(P del)(m+1)⊗ZG(ẐG)χ : 0→ (ẐG)αm+1χ ∂m+1−→(ẐG)αmχ ∂m−→· · ·
∂1−→(ẐG)α0χ → 0
is exact in dimension ≤m. Then the short exact sequence 0→ Ker(∂i)→ (ẐG)αiχ → Im(∂i)→ 0 splits for 0 ≤ i ≤ m + 1
and consequently
⊕m+1−i even,i≤m+1(ẐG)αiχ ' (⊕1≤j≤m+1 Im(∂j))⊕ Ker(∂m+1) (2)
and
⊕m−i even,i≤m(ẐG)αiχ ' ⊕1≤j≤m+1 Im(∂j). (3)
By (2) and (3) Ker(∂m+1) is the kernel of a surjective endomorphism of (ẐG)βχ , where β =
∑
m+1−i even,i≤m+1 αi =∑
m−i even,i≤m αi. Since (ẐG)χ is von Neumann finite [13] for any natural number k any epimorphism (ẐG)kχ → (ẐG)kχ is
an isomorphism, hence 0 = Ker(∂m+1) = Hm+1((P del)(m+1)⊗ZG(ẐG)χ ). Using again [2, Appendix] and [4, Thm. B] it follows
that A is of homological type FPm+1 over ZN .
Since ∂m+1 is injective, the differential Pm+1
dm+1−→ Pm of the complex P is injective. Then the (m + 1)-skeleton P (m+1) of
P is a free resolution of the trivial ZG-module A of lengthm+ 1 and Euler characteristic 0. This implies (a), (c) and the part
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of item (b) that A is FP∞ over ZG. Furthermore since pdZN(A) ≤ pdZG(A) ≤ m+ 1 and A is of type FPm+1 over ZN we get that
A is of type FP∞ over ZN , thus (b) holds.
Now suppose that N acts trivially on A. Since A is finitely generated as a ZN-module, A is finitely generated as an abelian
group i.e. is a finite direct sum of cyclic groups. Since A is infinite at least one of these cyclic groups is Z. Consequently the
projective dimension as aZN-module of the direct summandZ (of A) is finite and atmost pdZN(A) ≤ m+1 i.e. cd(N) ≤ m+1
and the homological type of the direct summandZ (of A) as aZN-module is FP∞ i.e.N is FP∞. This completes the proof of (d).
Finally we prove item (e). By an obvious module version of [2, Prop. 5.1(a)] for t = pdZG(A) ≤ m + 1 there is a free
ZG-module F such that ExttZG(A, F) 6= 0. Since A is FP∞ over ZG the functor ExttZG(A, ) commutes with direct sums and
consequently ExttZG(A,ZG) 6= 0. Similarly ExtsZN(Z,ZN) 6= 0 for s = cd(N). Consider the Grothendick spectral sequence [21,
Thm. 11.38]
Ep,q2 = ExtpZQ (A, ExtqZN(Z,ZG)) H⇒p Ext
p+q
ZG (A,ZG).
By [2, Prop. 5.4 & Lemma 5.6] we have ExtqZN(Z,ZG) ' ExtqZN(Z,ZN)⊗Z ZQ as a ZQ -module and consequently Ep,q2 '
ExtqZN(Z,ZN)⊗Z ExtpZQ (A,ZQ ). In particular for p ≥ k + 1 = pdZQ (A) + 1 or q ≥ s + 1 = cd(N) + 1 we have Ep,q2 = 0.
Consequently ExtmZG(A,ZG) = 0 form ≥ k+ s+ 1 and
pdZG(A) ≤ k+ s = pdZQ (A)+ cd(N).
Comparing the degrees of the differentials in the spectral sequence we get that Ek,s∞ = Ek,s2 and consequently
Extk+sZG (A,ZG) ' ExtsZN(Z,ZN)⊗Z ExtkZQ (A,ZQ ).
Thus if ExtsZN(Z,ZN)⊗Z ExtkZQ (A,ZQ ) 6= 0 we have pdZG(A) ≥ k+ s, hence
pdZG(A) = k+ s.
Finally if N is a Poincare duality group ExtsZN(Z,ZN) ' Zwe get ExtkZQ (A,ZQ )⊗Z ExtsZN(Z,ZN) ' ExtkZQ (A,ZQ ) 6= 0. If A is
self-dual then ExtkZQ (A,ZQ ) ' A has a summand isomorphic to Z, so ExtkZQ (A,ZQ )⊗Z ExtsZN(Z,ZN) = A⊗Z ExtsZN(Z,ZN)
has a summand isomorphic to Z⊗Z ExtsZN(Z,ZN) ' ExtsZN(Z,ZN) 6= 0. 
3. Modules over profinite groups with p-adic analytic quotients
In this section we treat a profinite version of Theorem 2. For a profinite group G and a profinite Zp[[G]]-module A we
write pdZp[[G]](A) for the projective dimension of A and vpdZp[[G]](A) for the virtual projective dimension of A. If A is of
finite projective dimension and type FP∞ there is a profinite projective resolution P of finite length and finitely generated
projectives and the Euler characteristic of A as a profinite Zp[[G]]-module is defined by
χZp[[G]](A) =
∑
i
(−1)idimFpTorZp[[G]]i (A, Fp) =
∑
i
(−1)idimFpExtiZp[[G]](A, Fp).
By definition χp(G) = χZp[[G]](Zp), where Zp is the trivial Zp[[G]]-module.
Theorem 3. Let G be a profinite group with a normal closed subgroup N and A be a profinite (right) Zp[[G]]-module such that:
1. G/N is an infinite p-adic analytic profinite group;
2. the trivial (right) Zp[[G]]-module A has a free (profinite) resolution
P : · · · → Pi → Pi−1 → · · · → P0 → A→ 0
with Pi free of rank αi such that αi is finite for 0 ≤ i ≤ m+ 1 and∑0≤i≤m+1(−1)m+1−iαi ≤ 0;
3. A as a profinite Zp[[N]]-module has type FPm.
Then the following hold:
(a) pdZp[[N]](A) ≤ m and pdZp[[G]](A) ≤ m+ 1;
(b) χZp[[G]](A) =
∑
0≤i≤m+1(−1)m+1−iαi = 0;
(c) A has type FP∞ as a profinite Zp[[N]]-module and as a profinite Zp[[G]]-module.
Furthermore if N acts trivially on A and if Hk(N, Fp) is finite and non-zero for k = min{cdp(N), pdZp[[G]](A)} then
(d) N is of type FP∞ over Zp, cdp(N) and vpdZp[[G/N]](A) are finite and pdZp[[G]](A) = vpdZp[[G/N]](A)− cdp(N);
(e) if furthermore pdZp[[G/N]](A) is finite then
0 = χZp[[G]](A) = χZp[[G/N]](A)χp(N),
in particular if χp(N) 6= 0 we have χZp[[G/N]](A) = 0.
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Proof. By going down to a subgroup of finite index in G that contains N we can suppose that G/N is a powerful pro-p group.
Consider the complex R = P del⊗̂Zp[[N]]Zp with differentials {∂i}i≥0. Since A is FPm over Zp[[N]] the homology groups
TorZp[[N]]i (A,Zp) are finitely generated as profinite Zp-modules for i ≤ m and consequently Hi(R) = TorZp[[N]]i (A,Zp) is
finitely generated over Zp for i ≤ m. Since Zp[[G/N]] is right and left Noetherian and has no zero divisors [9, Cor. 7.25], [19]
we can consider the skew ring of fractions S of Zp[[G/N]] [10, Chapter 9]. Note that since Hi(R) is finitely generated over Zp
for i ≤ m and Zp[[G/N]] is not finitely generated as a Zp-module (topologically or abstractly is the same) for every element
r ∈ Hi(R) there is some non-zero element λr ∈ Zp[[G/N]] such that rλr = 0. Then applying the abstract tensor product
⊗Zp[[G/N]] S we get Hi(R)⊗Zp[[G/N]] S = 0 for i ≤ m and for the complex
R⊗Zp[[G/N]] S : · · · → Sαm+1
∂m+1⊗idS−→ Sαm → · · · → Sα0 → 0
we have Hi(R⊗Zp[[G/N]] S) = 0 for i ≤ m. Since S is a skew field, counting dimensions over S, we get that∑
0≤i≤m+1(−1)m+1−iαi ≥ 0, hence∑
0≤i≤m+1
(−1)m+1−iαi = 0.
Then ∂m+1 ⊗ idS is injective and consequently ∂m+1 is injective. In particular TorZp[[N]]m+1 (A,Zp) = Hm+1(R) =
Ker(∂m+1)/Im(∂m+2) = 0. A similar argument substituting S with the skew ring of fractions of Fp[[G/N]] shows that
TorZp[[N]]m+1 (A, Fp) = Hm+1(R⊗Zp Fp) = 0.
By Lemma 3 (from the next section) to show that pdZp[[N]](A) ≤ m it is sufficient to show that TorZp[[U]]m+1 (A, Fp) = 0 for
every open subgroup U of N . Note that U = N ∩ U1 for an open subgroup U1 of G, hence we can substitute Gwith U1 and N
with U and repeat the argument from the previous paragraph to obtain TorZp[[U]]m+1 (A, Fp) = 0.
To prove item (a) it remains to show that pdZp[[G]](A) ≤ m + 1. Let dm+1 : Pm+1 → Pm be the differential of
the projective resolution P of A. Note that for any open subgroup U of N the map dm+1⊗̂Zp[[U]]id : Pm+1⊗̂Zp[[U]]Zp →
Pm⊗̂Zp[[U]]Zp is injective (i.e. for U = N the map ∂m+1 is injective). Since Pm+1 ' Zp[[G]]αm+1 we have Ker(dm+1) ⊆
(Zp[[G]]Aug(Zp[[U]]))αm+1 for every open subgroup U of N , so dm+1 is injective. Thus pdZp[[G]](A) ≤ m+ 1.
Note that item (a) implies item (c). Indeed by a profinite version of [5, Ch. 8, Prop . 6.1] since the profiniteZp[[N]]-module
(resp. Zp[[G]]-module) A has type FPm (resp. FPm+1) and has profinite projective dimension at mostm (resp.m+ 1) there is
a profinite projective resolution of A as a profinite Zp[[N]]-module (resp. Zp[[G]]-module) of length at mostm (resp.m+ 1)
and all projectives finitely generated.
From now on suppose that N acts trivially on A. Since A is finitely generated as a profinite Zp[[N]]-module, A is finitely
generated as a Zp-module, so direct sum of (additive) cyclic abelian pro-p groups. Then either Zp or Z/pkZ, for some k > 0,
is a profinite Zp[[N]]-module of type FP∞ and projective dimension at most pdZp[[N]](A) ≤ m. Then by Lemma 4 (from next
section) N is of type FP∞ over Zp and of finite cohomological p-dimension cdp(N) ≤ m. Then (d) follows from [14, Thm. 1].
Finally suppose that pdZp[[G/N]](A) <∞. Note that A is finitely generated as a profinite Zp[[G]]-module, hence is finitely
generated as a profiniteZp[[G/N]]-module. SinceZp[[G/N]] is left and right Noetherian it follows that A is FP∞ as a profinite
Zp[[G/N]]-module and χZp[[G/N]](A) is well-defined. By going down to a subgroup of finite index in G that contains N we
can suppose that G/N acts trivially on the finite groups Êxt
i
Zp[[N]](Zp, Fp) for all i ≤ cdp(N), where Êxt is the derived
functor of the continuous Hom i.e. continuous cohomology of N with coefficients in Fp. Consider the Grothendick spectral
sequence [14, Cor. 4]
Er,q2 = ÊxtrZp[[G/N]](A, Êxt
q
Zp[[N]](Zp, Fp)) H⇒r Êxt
r+q
Zp[[G]](A, Fp).
Then
Er,q2 ' ÊxtrZp[[G/N]](A, Fp)⊗Zp Êxt
q
Zp[[N]](Zp, Fp),
Er,q2 = 0 for r ≥ pdZp[[G/N]](A)+ 1 or q ≥ cdp(N)+ 1 and
χZp[[G]](A) =
∑
i
(−1)idimFp ÊxtiZp[[G]](A, Fp) =
∑
r,q
(−1)r+qdimFpEr,q∞
=
∑
r,q
(−1)r+qdimFpEr,q2 =
(∑
r
(−1)rdimFp ÊxtrZp[[G/N]](A, Fp)
)
.(∑
q
(−1)qdimFp ÊxtqZp[[N]](Zp, Fp)
)
= χZp[[G/N]](A).χp(N). 
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4. Extension properties of profinite groups of type FPm: A profinite version of Brown criterion and some auxiliary
results on profinite groups
In [6] it was shown that if an abstract group H acts on a CW complex Y with cell stabilizers that fix the cells pointwise,
the stabilizer in H of any cell of dimension i ≤ m has homological type FPm−i, Y is (m− 1)-acyclic and H acts cocompactly
on them-skeleton of Y then H has homological type FPm. A homotopical version of this result can be found in [23] and here
we give a homological version for profinite modules over completed group algebras of profinite groups.
Lemma 1. Let S be a profinite ring and
P : · · · → Pi ∂i−→ Pi−1−→· · · ∂1−→ P0 ∂0−→ A→ 0 (4)
be an exact profinite complex of profinite S-modules, where every Pi is a profinite S-module of type FPm−i for i ≤ m. Then A is of
type FPm as a profinite S-module.
Proof. By [25, Lemma 7.2.2] for every two finitely generated profinite S-modulesM1 andM2 any homomorphism ϕ : M1 →
M2 of abstract S-modules is continuous. This implies that A is of type FPm as a profinite S-module if and only if A is of
type FPm as an abstract S-module. In particular we can apply dimension shifting for abstract modules [1, Prop. 1.4] i.e. if
0 → V1 → V → V2 → 0 is a short exact sequence of profinite S-modules with V of type FPm (as profinite or abstract
S-module is the same as seen above) for some m ≥ 1 then V2 is of type FPm if and only if V1 is of type FPm−1. Applying this
for the short exact sequence 0→ Im(∂i+1) = Ker(∂i)→ Pi → Im(∂i)→ 0 for i ≤ m− 1 we get that Im(∂i) is of type FPm−i
if and only if Im(∂i+1) is of type FPm−i−1. Since Im(∂m) is of type FP0 we get that A = Im(∂0) is of type FPm as required. 
Proposition 1. Let G be a profinite group and R be a profinite ring. Suppose that there exists an exact profinite complex of profinite
R[[G]]-modules
P : · · · → Pi ∂i−→ Pi−1−→· · · ∂1−→ P0 ∂0−→ A→ 0
with Pi ' ⊕j∈Ji R⊗̂R[[Hi,j]]R[[G]], Hi,j are closed subgroups of G of type FPm−i over R for j ∈ Ji and Ji finite for all i ≤ m. Then A has
type FPm as a profinite R[[G]]-module.
Proof. Let H be a closed subgroup of G of type FPm−i over R. Since R is of type FPm−i as profinite R[[H]]-module and
⊗̂R[[H]]R[[G]] is an exact functor we get that R⊗̂R[[H]]R[[G]] is of type FPm−i as a R[[G]]-module. Applying this for H = Hi,j we
get that Pi is of type FPm−i for every i ≤ m. The proof is completed by Lemma 1. 
Corollary 1. Let R be a profinite ring, G a profinite group, N a closed normal subgroup of G and A a profinite R[[G]]-module on
which N acts trivially. If A is of type FPm as a profinite R[[G/N]]-module and N is of type FPm over R then A is of type FPm over
R[[G]].
Proof. Let P : · · · → Pi → Pi−1 → · · · P0 → A→ 0 be a profinite free resolution of R[[G/N]]-modules with all Pi finitely
generated for i ≤ m. Since Pi is a finite direct sum of copies of R⊗̂R[[N]]R[[G]]we can apply Proposition 1. 
Corollary 2. Let G be a profinite groupwith a closed normal subgroup N such that both G/N and N are of type FPm over a profinite
ring R. Then G is of type FPm over R.
Proof. Apply the previous corollary for the trivial R[[G]]-module A = R. 
Lemma 2. Let G be a profinite group with a normal closed subgroup N and a closed subgroup H such that G ' N o H is of type
FPm over R. Then H is of type FPm over R.
Proof. As already noted the profinite group G is of type FPm over R if and only if R as an abstract R[[G]]-module is of type
FPm. By [1, Thm. 1.3] this is equivalent with Tor
R[[G]]
i (R,
∏
R[[G]]) = 0 for 1 ≤ i ≤ m − 1, where TorR[[G]] is the derived
functor of abstract tensor product ⊗R[[G]] and R is finitely presented as an abstract R[[G]]-module (this is equivalent with
G topologically finitely generated). Note that since G is topologicaly finitely generated H is topologically finitely generated
too.
Finally note that TorR[[G]]i (R,
∏
R[[G]]) is functorial on G. Then the canonical epimorphism pi : G → G/N induces
a homomorphism (of abelian groups) pˆii : TorR[[G]]i (R,
∏
R[[G]]) → TorR[[G/N]]i (R,
∏
R[[G/N]]) that splits. In particular
TorR[[G/N]]i (R,
∏
R[[G/N]]) = 0 for 1 ≤ i ≤ m − 1 and consequently H ' G/N is a profinite group of type FPm over R.

We continue with a simple lemma that is a module version of [24, Prop. 21’]. For a profinite ring S wewrite T̂or
S
i and Êxt
i
S
for the derived functors of ⊗̂S and continuous ĤomS .
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Lemma 3. Let G be a profinite group, p a prime number and A a profinite Zp[[G]]-module. Then the following conditions are
equivalent:
1. pdZp[[G]](A) ≤ n;
2. Êxt
n+1
Zp[[H]](A, Fp) = 0 for every closed subgroup H of G;
3. Êxt
n+1
Zp[[U]](A, Fp) = 0 for every open subgroup U of G;
4. T̂or
Zp[[H]]
n+1 (A, Fp) = 0 for every closed subgroup H of G;
5. T̂or
Zp[[U]]
n+1 (A, Fp) = 0 for every open subgroup U of G.
Proof. Condition 1 implies immediately conditions 2, 3, 4 and 5. Condition 3 implies 2 since Êxtn+1Zp[[H]](A, Fp) considered as a
functor onZp[[H]] commuteswith inverse limits. Similarly condition 5 implies condition 4. To show that condition 2 implies
condition 1 we recall that by [14, Thm. 2] pdZp[[G]](A) = pdZp[[Gp]](A)where Gp is a Sylow p-subgroup of G. Furthermore for
a pro-p group H and a profinite Zp[[H]]-module B we have that B has projective p-dimension pdZp[[H]](B) ≤ n if and only
if Êxt
n+1
Zp[[H]](B, Fp) = 0 [20, Cor. 7.1.6], [24, Prop. 21]. Then condition 2 applied for a Sylow p-subgroup H of G gives that
pdZp[[G]](A) = pdZp[[H]](A) ≤ n.
It remains to show that condition 4 implies condition 1. It is sufficient to show that for a pro-p group H and a profinite
Zp[[H]]-module B, T̂orZp[[H]]n+1 (B, Fp) = 0 implies pdZp[[H]](B) < ∞ and then apply this for H a Sylow p-subgroup of G and
B = A. Following the proof of [20, Prop. 7.1.4], in particular the last half of page 261, it is sufficient to show that if for some
profinite Zp[[H]]-module M we have that the functor T̂orZp[[H]]1 (M, ) is zero then M is projective. Let pi : F → M be an
epimorphism of profinite Zp[[H]]-modules with F free and of minimal rank. Then Ker(pi)⊗̂Zp[[H]]Fp = 0 and since Zp[[H]]
is a local ring Ker(pi) = 0. 
Lemma 4. Let G be a profinite group and k be a positive integer. Then
(a) if the trivial Zp[[G]]-module Zp/pkZp is of type FP∞ then the trivial Zp[[G]]-module Zp is of type FP∞;
(b) if the trivial Zp[[G]]-module Zp/pkZp has finite projective dimension s then the trivial Zp[[G]]-module Zp has finite
projective dimension at most s.
Proof. (a) We show first that the trivial (Zp/pkZp)[[G]]-module Zp/pkZp is of type FP∞. By assumption the trivial Zp[[G]]-
module Zp/pkZp has a profinite projective resolutionP with Pi finitely generated profinite Zp[[G]]-module for every i. Then
Hi(P ⊗Zp(Zp/pkZp)) = T̂orZpi (Zp/pkZp,Zp/pkZp) = 0 for i ≥ 2 (5)
and
H1(P ⊗Zp(Zp/pkZp)) ' T̂orZp1 (Zp/pkZp,Zp/pkZp) ' Zp/pkZp.
Let {di}i be the differentials of the complex P ⊗̂Zp(Zp/pkZp). Then there are exact sequences of (Zp/pkZp)[[G]]-modules
0→ Im(d2)→ Ker(d1)→ H1(P ⊗Zp(Zp/pkZp)) ' Zp/pkZp → 0 (6)
and
0→ Ker(d1)→ P1⊗̂Zp(Zp/pkZp) d1−→ P0⊗̂Zp(Zp/pkZp) d0−→Zp/pkZp → 0. (7)
In this paragraph allmodules are profinite (Zp/pkZp)[[G]]-modules. Note that by (5) Im(d2) is of type FP∞, then by dimension
shifting argument for (6) Ker(d1) is of type FPm if and only if Zp/pkZp is of type FPm and by dimension shifting argument for
(7) Ker(d1) is of type FPm if and only if Zp/pkZp is of type FPm+2. In particular if Zp/pkZp is of type FPm then it is of type FPm+2,
consequently is of type FP∞.
Now assume that the trivial profinite Zp[[G]]-module Zp is of type FPm (note this holds for m = 0) and we show that it
is of type FPm+1. Let
R : · · · → Ri ∂i−→ Ri−1 → · · · → R0 → Zp → 0
be a profinite projective resolution of the trivial Zp[[G]]-module Zp with Ri finitely generated for i ≤ m. Since
T̂or
Zp
i (Zp,Zp/p
kZp) = 0 for i ≥ 1 the complex R⊗̂ZpZp/pkZp is exact, hence is a profinite projective resolution of the
trivial (Zp/pkZp)[[G]]-module Zp/pkZp. Since Zp/pkZp is of type FP∞ as a (Zp/pkZp)[[G]]-module we get that Ker(ρm) is
finitely generated as a (Zp/pkZp)[[G]]-module, where {ρi}i are the differentials of R⊗̂Zp(Zp/pkZp). It is easy to see that
T̂or
Zp
1 (Im(∂m), (Zp/p
kZp)) = 0 = T̂orZp1 (Im(∂m−1), (Zp/pkZp)) and this implies
Ker(ρm) ' Ker(∂m)⊗Zp(Zp/pkZp). (8)
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By (8) and the fact that Ker(ρm) is finitely generated as a (Zp/pkZp)[[G]]-module there is a finitely generated Zp[[G]]-
submodule V of Ker(∂m) such that Ker(∂m) = V + pkKer(∂m). Consequently for every positive integer s
Ker(∂m) = V + pksKer(∂m) ⊆ Rm.
Then the closure of V in Rm is Ker(∂m) and since V is finitely generated submodule of Rm, V is closed. Thus V = Ker(∂m) is
finitely generated as a profinite Zp[[G]]-module, consequently Zp is of type FPm+1 over Zp[[G]].
(b) ForH a closed subgroup of G and sH = pdZp[[H]](Zp/pkZp) ≤ s = pdZp[[G]](Zp/pkZp)we have ÊxtiZp[[H]](Zp/pkZp,M) =
0 for every p-primary finite discrete H-moduleM and i ≥ s+ 1 ≥ sH + 1. Then the long exact sequence in Êxt implies that
for i ≥ s+ 1 the inclusion of pkZp in Zp induces an isomorphism
ϕi,k : ÊxtiZp[[H]](Zp,M)→ Êxt
i
Zp[[H]](p
kZp,M).
If P is a profinite projective resolution of Zp as a Zp[[H]]-module then pkP is a profinite projective resolution of pkZp as
a Zp[[H]]-module. Then the inclusion of pkP in P induces the map ψk : ĤomZp[[H]](P ,M) → ĤomZp[[H]](pkP ,M) that is
trivial if pkM = 0. Since ϕi,k is induced byψk we get ÊxtiZp[[H]](Zp,M) = 0 for pkM = 0 and i ≥ s+1. In particular this holds
forM the trivial Zp[[H]]-module Fp. This combined with Lemma 3 implies that pdZp[[G]](Zp) ≤ s. 
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